We verify the effective refraction index approach (ERIA) developed for surface plasmon propagation in ultrathin tapered metal-dielectric-metal slot waveguides by means of comparison of exact solutions obtained within ERIA for two different profiles and different scales of tapering with finite-difference time-domain numerical simulations. We show that for smooth enough tapering, ERIA gives the plasmon field structure closely matched with numerical results. We also outline the range of the taper scales in which ERIA leads to the results different from simulations.
INTRODUCTION
A surface plasmon (SP) is the electromagnetic excitation localized in the vicinity of the interface between dielectric medium and metal. Because of the small depth of electromagnetic field penetration into metal, SP is currently one of the widely discussed objects that is intended to provide light nanolocalization and light nanofocusing [1] [2] [3] [4] for applications in different fields of contemporary nanophotonics, including medicine [5] , biology [6] , nanolasing [7] , integrated optics [8, 9] , etc. Among different kinds of plasmonic guiding structures, a metal-dielectric-metal (MDM) slot waveguide seems to be most suitable from the viewpoint of the above applications because the electromagnetic field of SP in the slot is squeezed by metal surfaces that potentially make possible transverse (with respect to propagation direction) deepsubwavelength localization of light. However, despite significant light localization values of about 30-50 nm that may be achieved in MDM slot waveguides (see [10] and references therein) in near infrared and visible domains, SPs suffer quite strong Drude losses in metal, restricting their propagation distance by several micrometers, which is apparently insufficient for nanophotonic applications in a majority of the cases. In order to enhance plasmon propagation distance, one should resort to some special techniques such as gain [11] or nanofocusing in tapered linear [12, 13] or nonlinear [14] plasmonic MDM waveguides. While plane-parallel MDM plasmonic waveguide properties can be reasonably calculated by means of analytical methods, there are not any appropriate rigorous approaches to calculate inhomogeneous, say tapered, MDM waveguides because of significant complication of the plasmonic field structure. At the same time the approximate techniques like, for example, asymptotic methods [15] , still remain attractive since they enable avoiding substantial difficulties in numerical simulations of plasmonic waveguides. To date, one of the most popular approaches to calculation of SP propagation in different structures is so-called ERIA, which allows a description of electromagnetic field of SP mode as a volume wave in some medium with effective refraction index (see, for example [16] [17] [18] [19] ). Indeed, ERIA is a very convenient tool for a study of SP propagation in inhomogeneous plasmonic structures; however, in the number of cases the framework of applicability of this approach cannot be fully determined and in these cases it is not very clear that ERIA leads to the correct, at least qualitative, results. Hence, either way of ERIA verification would be extremely useful. In this paper we develop ERIA in terms of integral field characteristic for ultrathin MDM plasmonic slot waveguides with the thickness of the gap comparable or less than penetration depth of electromagnetic field into metal and compare some solutions obtained within the ERIA with finite-difference time-domain (FDTD) numerical simulations [20] , thereby outlining the area of parameters of the ERIA validity.
EFFECTIVE REFRACTION INDEX APPROACH TO THE DESCRIPTION OF SP PROPAGATION IN ULTRATHIN MDM SLOT WAVEGUIDES
We consider a MDM slot waveguide where the slot thickness ax can slowly depend on coordinate x directed along a symmetry axis of the waveguide (see Fig. 1 ), which is simultaneously assumed to be the SP propagation direction. We also suppose that ax < 2Λ p , where Λ p c∕ω p is the penetration depth of electromagnetic field of the frequency ω into metal for the frequency domain ν ≪ ω ≪ ω p , which for noble metals usually corresponds to the near infrared range, where ω p and ν are the electron plasma frequency and electron scattering rate in metal, respectively, and c is the speed of light. Using Maxwell's equations in integral form, we show that propagation of the fundamental even SP mode in such a MDM slot waveguide can be described in terms of voltage drop between z −∞ and z ∞; U R ∞ −∞ E z dz, where coordinate z is orthogonal to x and it crosses both dielectric/metal interfaces as it is shown in Fig. 1 (SP field is supposed to be independent of another lateral coordinate y; ∂∕∂y 0. Nevertheless, the further developed technique can be also generalized for two-dimensional smooth waveguide inhomogineity similar to that done in [15, 21] ). We also believe that the SP transverse structure along the z axis is kept to be the same as in a purely planar waveguide with a const, which, in turn, assumes the slot inhomogineity scale is much greater than the slot thickness a and local SP wavelength. According to Faraday's law of electromagnetic induction,
where ⃗ E is the electric field tension, ⃗ B is the magnetic induction, d ⃗ l is the differential element of integration contour, d ⃗ S is the differential element of the surface stretched on integration contour and directed along the normal to that surface, and k 0 ω∕c. We calculate the electric field circulation along the contour placed in plane x; z, which is stretched along the z axis up to infinity (see Fig. 1 ). Taking into account that SP is confined in the vicinity of the slot, the electric field intensity at z → ∞ is equal to zero. Then, defining U R ∞ −∞ E z dz as the voltage drop between plus and minus infinities into SP mode, making use of the Eq. (1), we come to the following expression:
which in turn yelds
One can see that U consists of two parts, namely, U U S U M , where U S R a∕2 −a∕2 E z dz is the voltage drop inside the slot and U M 2 R ∞ a∕2 E z dz is the voltage drop inside the metal (all this is written for even SP, which only exists in ultrathin waveguide). Also, due to the symmetry of even mode, the E z component of the SP electric field may be assumed to be constant in the dielectric gap of ultrathin waveguide. Using another Maxwell's equation written in differential form, we obtain
Integrating Eq. (4) along the axis within infinite limits and taking into account Eq. (3), we get
Bearing in mind stepwise inhomogineity of ε in z direction and known transverse SP mode structure, the right-hand part of Eq. (5) can be rewritten in terms of voltage U. As a result we come to the desired equation subsequent upon Eq. (5):
where
that can be treated as an effective dielectric permittivity of the SP into MDM slot waveguide; ε M 1 − ω 2 p ∕ωω − iν is the permittivity of dielectric filling the waveguide slot, is the metal dielectric permittivity describing by Drude formula, and κ M 1∕Λ p ω∕ω − iν p is the transverse SP wavenumber in metal. To obtain the above formulas, we supposed that the SP frequency ω approximately corresponds to the vacuum wavelength λ 0 , which is about of 1550 nm that results in ν ≪ ω ≪ ω p ; jε M j ≈ 60 (silver) and Λ p ≈ 30 nm. One can see that Eq. (7) leads to the cutoff thickness of the waveguide slot a c 2Λ p ε s ω∕ω p 2 , which is, in fact, the minimal thickness of the slot until the SP propagation is still possible. For the indicated above parameters, a c measured in nanometers is approximately equal to the value of ε s . Under these conditions, the electric field tension of the E z component inside the slot can be expressed in terms of voltage U as follows: 
TAPERED MDM SLOT WAVEGUIDES: EXACT ANALYTIC SOLUTIONS FOR SP STRUCTURE
The Eq. (6) with effective dielectric permittivity (7) possesses the exact analytic solutions for some definite laws of tapering ax, except, of course, homogeneous waveguides with a const. Further, we consider two types of tapering: (i) groove-like tapering [ Fig. 1(a) ]
and (ii) hyperbolic tapering [ Fig. 1(b) ]
where a 0 is the value of the slot thickness at x 0; L is the scale of tapering. The positions of cutoff points where ax x c a c in these cases essentially differ from each other. Note that for the linear law of tapering (i), x c L1 − a c ∕a 0 is a little bit less than L (it is supposed that a c ∕a 0 ≪ 1), whereas for the hyperbolic law (ii), x c La 0 ∕a c − 1 ≫ L. Substitution of the Eqs. (9) and (10) into Eq. (7) leads to the same type of Eq. (6), which for properly normalized coordinate x can be written in standard universal form
(ii)
The complete solution of Eq. (11) is expressed via Whittaker's functions W μ;m ξ and W −μ;m −ξ [22] :
where C 1;2 are the arbitrary constants that have to be determined from some boundary conditions or using the asymptotic behavior of the Whittaker's functions. At the big values of argument jξj ≫ 1, Whittaker's functions have the following asymptotic representations:
In the case (i) (groove-like tapering), the Eqs. (13) give a propagating SP at x → ∞ that is obviously devoid of physical sense. It occurs as the result of incorrect extension of the tapering law (9) beyond the point x L. In order to avoid this misleading solution we lay down the boundary conditions of continuity of U and dU∕dx near the cutoff point x x B , x c < x b < L, replacing ε eff x > x B by ε eff x x b const. At the same time in the case (ii) (hyperbolic tapering), the Eqs. (13) describe true asymptotic behavior for x → ∞. Then, one should choose the solution vanishing at the positive infinity. For that, one has to assign C 2 0. This condition simultaneously implies the absence of reflection of plasmon traveling toward narrow part of the waveguide taper. After the statement of boundary conditions for both types of waveguide tapering that unambiguously determine a solution of Eq. (6) in every case, one can proceed to a comparison of obtained plasmon field distribution with FDTD numerical simulations implemented for the same parameters of the considered waveguides and find that ERIA demonstrates very good agreement with FDTD simulations and use of the ERIA is quite justified for the plasmon field calculations in the grooves with small enough angles of the slot tapering.
COMPARISON OF THE ERIA WITH FDTD SIMULATIONS: A VALIDATION TEST OF THE ERIA
As a first example, by the FDTD method, we simulated SP propagation in tapered MDM slot waveguides of two different slot profiles, linear tapering (groove-like, solid line in Fig. 2 ) a 0 20 nm, L 2500 nm with tapering angle θ ≈ a 0 ∕L ≈ 0.46°and hyperbolically tapering a 0 40 nm, L 500 nm [ Fig. 2(a) , dashed line]. The parameters of the waveguides are chosen in such a way that both slot widths decrease on the distance 0 < x < 2000 nm in five times. FDTD simulations were carried out by means of the setting of an electromagnetic source in the vicinity of the waveguide onset at the point x 0 and after the lapse of time that is necessary for the formation of SP mode, traveling toward the tip of the waveguide. In Fig. 2(b) , the instantaneous snapshots of Re E z x on the groove-like slot axis are shown by solid line. The structures of Re E z x at the slot axis obtained for the same waveguide within ERIA as the solutions of Eq. (6) that satisfy the above mentioned boundary conditions, bearing in mind Eq. 92°(a 0 20 nm, L 1250 nm) . While the smaller tapering angle leads to only some little amplitude mismatch being observed, for the larger tapering angle the phase and amplitude mismatches between the solutions visibly grow even during one field period.
Obtained results show that independently of tapering law a decrease of the tapering scale leads to failure of ERIA, even at L ≫ a 0 . Therefore, one may conclude yet that ERIA can be considered as a convenient tool for a study of SP propagation in smoothly inhomogeneous MDM slot waveguides that yields not only qualitatively but also quantitatively correct results. It is quite obvious that ERIA developed for one-dimensional inhomogeneous MDM slot waveguides can also be easily generalized to the waveguides with two-dimensional smooth inhomogineity how it has been done in [21] .
CONCLUSIONS
In conclusion, the domain of applicability of the ERIA, developed for the description of SP propagation in ultrathin MDM tapered slot waveguide, has been outlined by means of comparison of the solutions for electromagnetic field structure resulting from ERIA and FDTD simulations. It has been found that FDTD simulations and ERIA lead actually to the close results if the angles of tapering for the groove-like waveguide do not exceed the values of ∼1°at the initial width of waveguide 20 ÷ 30 nm for the silver∕SiO 2 waveguides and the field frequency corresponding to the vacuum wavelength λ 0 1550 nm, whereas for the hyperbolically tapered waveguide with the characteristic tapering scale ∼500 nm FDTD simulations reveal that the solution obtained within ERIA differs significantly from numerical one.
